Abstract. It is well-known that hyperbolic metric spaces asymptotically look like real trees. In the present paper we explicitly describe structures at infinity of two classes of hyperbolic metric spaces -complete simply connected manifolds of negative curvature and hyperbolic groups, using a certain functional representation of universal R-trees.
Introduction and main results
1.1. Isometric embedding at infinity. Let X be a metric space with a distance function d X . Intuitively, structure at infinity of the space X is what is seen if one looks at the space X from an infinitely far point (see [Gr3] ). One of the possible ways to treat this notion rigorously is as follows. Definition 1.1.1. A metric space (T, d T ) admits an isometric embedding at infinity into the space (X, d X ) if there exists a sequence of positive scaling factors λ i → ∞ such that for every point t ∈ T one may find an infinite sequence {x i t }, i = 1, 2, .. of points in X satisfying the relation
for every t 1 , t 2 ∈ T .
In other words, every point of the space T corresponds to a sequence of points in X tending to infinity, such that the "normalized" pairwise distances between the sequences in X tend to the distances between the corresponding points in T .
Isometric embedding at infinity is a generalization of the notion of an asymptotic subcone of a metric space (see [Gr2] , [GhH] ).
1.2. Universal R-trees as functional spaces. Recall that a metric space T is geodesic (see [GH] ) if for every two points t 1 , t 2 ∈ T with the distance a = d T (t 1 , t 2 ) between them, there exists an isometric inclusion F : [0, a] → T , such that F (0) = t 1 , F (a) = t 2 . The image 1 F ([0, a]) = [t 1 , t 2 ] is called a geodesic segment joining the points t 1 and t 2 .
A metric space T is a real tree (or R-tree for short) if any pair of its points can be connected with a unique geodesic segment, and if the union of any two geodesic segments [x, y] , [y, z] ⊂ T having the only endpoint y in common is the geodesic segment [x, z] ∈ T .
The valency (or the ramification number) of a point t ∈ T is the cardinal number of the set of connected components of T \ t. It is said that an R-tree has an order of ramification µ if the maximal valency of its points is µ.
An R-tree is µ-universal if every R-tree with order of ramification not greater than µ can be isometrically embedded into it. Universal R-trees were studied by J. Mayer, J. Nikiel and L. Oversteegen (see [MNO] ). They have presented a method to construct universal trees for every cardinal number µ and have proved that a µ-universal real tree for the given µ is unique up to an isometry.
Let us introduce a way to represent µ-universal R-trees as spaces of functions. We present it for µ = 2
2)the functions f are "piecewise-constant" from the right, i.e. for each t ∈ [0, ρ f ) there exists ε > 0 such that f | [t,t+ε] ≡ const. Denote the distance between two functions in A by
where s is the separation moment between the functions f 1 ,f 2 (see [PSh1] , [PSh2] ):
A relation analogous to (1.2.1) in [MNO] is called a "railroad-track" equation.
The space A is a real tree and all its points have valency 2 ℵ 0 . Similar functional representations of real trees were also considered in [PSh1] and [PSh2] . The main difference between them and the space A is that elements of A are piecewise continuous functions, and thus it becomes a complete metric space. Therefore, due to results of [MNO] , the space A is 2 ℵ 0 -universal. It also follows that any complete real tree such that everyone of its points has valency 2 ℵ 0 is isometric to A. Note that in order to obtain a µ-universal R-tree for arbitrary µ one should change the range of functions in A from [0, 1] to some set Z, such that Card(Z) = µ − 1. The universality of the space A is proved in section 2.1.
1.3.
Structures at infinity of manifolds of negative curvature. From now on, by a manifold of negative curvature we understand a complete simply connected Riemannian manifold with sectional curvtures less than some κ < 0 (without loss of generality we may always set κ = −1). Our main result is formulated as follows: Theorem 1.3.1. The metric space A may be isometrically embedded at infinity into any manifold of negative curvature.
The proof of this theorem is presented in section 2.3. Some attempts were undertaken in [PSh1] and [PSh2] to materialize the structure at infinity of the hyperbolic plane H using functional spaces mentioned in the previous section. Constructions of this sort were also considered by V. Berestovski [Ber] and A. Shnirelman [Sh] .
It is well-known that manifolds of negative curvature belong to the class of hyperbolic metric spaces (see [GhH] ):
for any four points x, y, z, p ∈ X, where (·|·) · is the Gromov product:
If the value of δ is not specified it is simply said that X is hyperbolic.
Fundamental results of M. Gromov imply that if a geodesic space admits an isometric embedding at infinity into a hyperbolic space then it is an R-tree (and hence it is 0-hyperbolic). Moreover, if every geodesic space admitting isometric embedding at infinity into the space X is an R-tree then the space X is hyperbolic ( [GhH] ; see also [Dru] ).
It follows from Theorem 1.3.1 and the universality of A that any R-tree with order of ramification at most continuum can be isometrically embedded at infinity into a manifold of negative curvature X. Conversely, any geodesic metric space T which admits an isometric embedding at infinity into X is an R-tree with order of ramification at most continuum (note that any such space T has cardinality at most continuum since there is an injective map T → X ∞ , where X ∞ is the set of sequences of points in X, and Card(X ∞ ) = 2 ℵ 0 ).
1.4. Asymptotic cones of manifolds of negative curvature. Let us recall the notion of an asymptotic cone of a metric space.
A non-principal ulterfilter ω is a finitely additive measure on subsets of N such that each subset has measure either 0 or 1 and all finite subsets have measure 0. For any bounded function h : N → R its limit h(ω) with respect to a non-principal ulterfilter ω is uniquely defined by the following condition: for every ε > 0 [KleL] ). Fix a sequence of basepoints O i ∈ X and a sequece of scaling factors λ i → ∞, λ i ∈ R. Consider a set of sequences g :
To any pair of such sequences g 1 , g 2 one may correspond a function
We say that the sequences g 1 , g 2 are equivalent if the limit h g 1 ,g 2 (ω) = 0. The set T of all equivalence classes with the distance
is an asymptotic cone of X with respect to the non-principal ulterfilter ω, sequence of basepoints O i and scaling factors λ i . We
Asymptotic cones are complete metric spaces ( [DrW] ), they are geodesic if X is geodesic, and they are homogeneous if X is quasihomogeneous (i.e. the space X/Isom(X) has finite diameter) (see [Pa] , [KapL] , [KleL] ). Note that any finite subset of an asymptotic cone of a space X can be isometrically embedded at infinity into X.
It was proved by M. Gromov that any asymptotic cone of a hyperbolic metric space is an R-tree (see [Gr2] , [Gr3] )
Results of M. Kapovich and B. Leeb (see [KapL] ) imply that asymptotic cones of quasi-homogeneous manifolds of negative curvature are isometric to the space A. It turns out that the condition of quasihomogeneity is in fact superfluous:
. Any asymptotic cone of a manifold of negative curvature is isometric to the space A.
We prove this theorem in section 2.2. Theorem 1.4.2 together with Theorem 1.3.1 imply that any asymptotic cone of a manifold of negative curvature can be isometrically embedded at infinity into such manifold.
1.5. Asymptotic geometry of hyperbolic groups. Let Γ be a hyperbolic group, i.e. a finitely generated group such that standard word metric is hyperbolic for some (and hence for any) set of generators (see [Gr2] , [GhH] ). It is well known that hyperbolic groups may be characterized in terms of their free subgroups -namely, a hyperbolic group is either finite, has an infinite cyclic subgroup of finite index, or has a free subgroup with two generators. Another way to characterize hyperbolic groups is through their boundaries (we recall this notion in section 4.1) -boundary of a hyperbolic group is either empty, consists of exactly two elements or has cardinality 2 ℵ 0 (see [GhH] ). We note that a similar characterization may be also given using asymptotic cones. Theorem 1.5.1. Given a hyperbolic group Γ, for any ulterfilter ω, any sequence of basepoints O i ∈ Γ and any sequence of scaling factors λ i → ∞ there is one of the three possibilities: In the last case the group Γ is called non-elementary. We prove Theorem 1.5.1 in section 4.1. We conjecture that the same as in the case of manifolds of negative curvature, the space A can be isometrically embedded at infinity into any non-elementary hyperbolic group. In section 4.2 we prove this result for free groups with at least two generators.
1.6. Asymptotic cones and dependence on parameters. Going to an asymptotic cone may be considered as a map:
As it follows from Theorems 1.4.2 and 1.5.1, if X is a manifold of negative curvature or a non-elementary hyperbolic group, the image of the map Con is isometric to A for any specific choice of the space X and the parameters ω, x i and λ i . One may also observe that A = Con ω (A, x i , λ i ) for any x i ∈ A and λ i → ∞, i.e. for manifolds of negative curvature and non-elementary hyperbolic groups the map Con is a "projection" in a sense that Con 2 = Con. However, for quite simple hyperbolic metric spaces, asymptotic cones corresponding to different parameters may be not isometric. For example, consider the real tree E which can be described as follows: take a horizontal half-line R ≥0 and at every point of the form 2 2 n ∈ R ≥0 , n ∈ N, draw a vertical segment of length 2 2 n . Let the sequence of basepoints be constant: O i = 0 ∈ R ≥0 . Set λ i = i and fix two ulterfilters ω 1 and ω 2 such that ω 1 ({i = 2 2 n , n ∈ N}) = 1, ω 2 ({i = n2 2 n , n ∈ N}) = 1. Then Con ω 1 (E, 0, λ i ) is a union of R ≥0 and a segment of length 1 emanating from the point 1 ∈ R ≥0 . At the same time, Con ω 2 (E, 0, λ i ) = R ≥0 = Con ω 1 (E, 0, λ i ). Moreover, Con ω 1 (Con ω 1 (E, 0, λ i ), 0, λ i ) = R ≥ = Con ω 1 (E, 0, λ i ) and hence the "projection" property also does not hold in this case. Now set λ
. These examples are inspired by Shnirelman's constructions (see [Sh] , p.6).
Main results of the present paper were announced in [DP] .
2. The space A and manifolds of negative curvature 2.1. Properties of the space A.
Lemma 2.1.1. The space A is a real tree such that the valency of every its point is 2 ℵ 0 .
Proof. It is easy to see that the space A with the metric (1.2.1) is a real tree. Let us prove that the valency of each point is 2
For different constants c we get nonintersecting rays in A starting from the point f . Since A is a real tree, these rays lie in different connected components of A \ f . Therefore, A has valency 2 ℵ 0 at everyone of its points.
Lemma 2.1.2. The metric space A is complete.
Proof. Consider a fundamental sequence
Therefore for each ρ ′ < ρ functions f i coincide for all i greater than some number N on the segment [0, ρ ′ ). Define f by f (x) = lim i→∞ f i (x) for any x ∈ [0, ρ). Note that f ∈ A, since for any x ∈ [0, ρ) there exist I ∈ N and ε > 0, such that f | [0,x+ε] ≡ f I | [0,x+ε] and hence f is "piecewise-constant" from the right.
As it was mentioned in the introduction, Lemmas 2.1.1 and 2.1.2 together with results of [MNO] imply that the space A is a 2 ℵ 0 -universal R-tree.
2.2.
Asymptotic cones of manifolds of negative curvature. In this section we prove Theorem 1.4.2 stating that any asymptotic cone of a manifold of negative curvature is isometric to the space A. Proof of Theorem 1.4.2. Let O i ∈ X be some sequence of basepoints and λ i → ∞ be some sequence of scaling factors. An asymptotic cone Con ω (X, O i , λ i ) of a manifold of negative curvature X is a complete geodesic metric space. Let us show that the valency of everyone of its points is 2 ℵ 0 .
Consider a point ξ ∈ Con ω (X, O i , λ i ) and let {x i } be one of the sequences in X corresponding to this point. For every α ∈ [0, 2π) and for every ρ > 0 consider a sequence {x grow not faster than linearly. Let us show that the distance between two points of the asymptotic cone ξ α j ,ρ j corresponding to the sequences {x α j ,ρ j i }, j = 1, 2, is equal to ρ 1 + ρ 2 if α 1 = α 2 and |ρ 1 − ρ 2 | if α 1 = α 2 The latter is due to the fact that Proof. Consider a comparison triangle P QR ∈ H for ABC: |P Q| = u, |P R| = v, |QR| = w and let ∠P = ψ. By Alexandrov comparison theorem (see [GhH, [Bal] ) ψ > ϕ. On the other hand by hyperbolic cosine rule (see [Bea] ) cosh w = cosh u cosh v − cos ϕ sinh u sinh v < < cosh u cosh v − cos ψ sinh u sinh v = cosh w ′ , and hence w < w ′ .
Lemma 2.2.2. Consider a point O ∈ X and two geodesic rays l 1 and l 2 starting from O with a non-zero angle between them. Let A i ∈ l 1 and B i ∈ l 2 be two sequences of points such that
′ i be the triangle in H corresponding to OA i B i as in lemma 2.2.1. Then due to triangle inequality and lemma 2.2.1 we have:
where the limit at the right follows from simple analysis of the distance formulas on the hyperbolic plane (see [PSh2] ). This proves the relation (2.2.3).
Lemma 2.2.2 implies that
Therefore {x
} iff α 1 = α 2 and ρ 1 = ρ 2 . For every α ∈ [0, 2π) we get an infinite ray starting from the point ξ and for different α these rays have the only point ξ in common and hence lie in different connected components of Con ω (X, O i , λ i ) \ ξ, i.e. the valency of the point ξ is 2 ℵ 0 . Since ξ is an arbitrary point in the asymptotic cone Con ω (X, O i , λ i ) we have proved that it is isometric to the metric space A.
2.3.
Proof of Theorem 1.3.1. In this section we prove that the metric space A can be isometrically embedded at infinity into any manifold of negative curvature.
We set the scaling factors λ i = i and describe how to correspond a sequence of points {x
Let O ∈ X be a basepoint and l ⊂ X be some fixed geodesic ray starting from the point O. We prove that for any f : 
If such γ i exists and is unique we may set {x
. Note that one may always start constructing γ in a unique way due to the property (iii), since for every function there exists a non-zero interval [0, ε] on which it is vanishing. If γ is constructed on [0, r · i) it may be continued in a unique way to the point r by setting γ i (ri) = lim z→ri−0 γ i (z). If γ i is constructed on [0, r · i] for some r < ρ we may take such ε > 0 that f | [r,r+ε] = const. There are two possible cases: if r is a point of discontinuity of f then we apply (ii) in order to continue γ i up to the point (r + ε)i, and if f is continuous at r we may apply (i). Therefore it is possible to construct a unique path γ i on the whole [0, ρi] . This path is a broken line with possibly infinite number of links.
Our next aim is to show that for any f, g ∈ A we have
Let us prove first that
Denote a function f r = f | [0,r] . Consider the set
We want to verify that R = [0, ρ]. We do it in the same way as we have proved existence of the path γ i .
Since for some ε > 0 f | [0,ε] = const. therefore ε ∈ R. If every r 1 < r belongs to R then r ∈ R. This follows from the triangle inequality:
and since we may choose r 1 arbitrary close to r we get
Finally, if r ∈ R for some r < ρ then r + ε ∈ R for some ε > 0. Indeed, let r ′ be the left end of the interval containing r on which f is constant.
, γ i (r + ε)]) = 1/100 +f (r ′ ) > 0 and hence using Lemma 2.2.2 we obtain that d X (x
This completes the proof of the fact that R = [0, ρ] .
In order to proceed we need the following lemma.
Proof. Suppose that the angle ∠A i does not tend to zero. Then there exist a subsequence
which contradicts with (2.3.3). This completes the proof of the lemma.
Consider a function f ∈ A which is discontinious at the point s. We say that it has a discontinuity of the first type at s if there exists δ > 0 such that f [s−δ,s] ≡ const. Otherwise we say that f has a discontinuity of the second type at s. Actually, discontinuities of the second type are accumulation points of discontinuities of the first type. Now, let f, g ∈ A be arbitrary functions and s be their separation moment. At least one of the functions should be discontinuous at s, let it be the function f . Note that if it has a discontinuity of the first type at s, then g is either continuous, or has a discontinuity of the first type, and if f has a discontinuity of the second type at s, the function g has also a discontinuity of the second type at this point.
One may check in each case that due to the property (ii) and Lemma 2.3.2 the paths corresponding to functions f and g for large i separate exactly at the point x is separated from zero. Indeed, if g is continuous at s then f has a discontinuity of the first type (see Figure 1, left) ; the angles marked with black are close to zero by Lemma 2.3.2, the angle α is neither 0 nor π and does not depend on i.
If g is discontinuous at s (see Figure 1 , right) then similarly the angles marked with black are close to zero and the angle β is neither 0 nor π and does not depend on i. Thus it can be shown analogously to (2.3.1)
Therefore, applying Lemma 2.2.2 we finally obtain:
which completes the proof of the theorem. In conclusion let us mention that in case of the hyperbolic plane H one may isometrically embed the space A into it in a much simpler way. To every function f (t) ∈ A, f : [0, ρ) → [0, 1] we correspond a sequence x n = (ρ n , ϕ n ) ∈ H, where (ρ n , ϕ n ) are hyperbolic polar coordinates in the Poincare disc model, such that ρ n = ρn and
We also set ε n = 1/n. Using almost the same arguments as for the space D in [PSh2] one may prove that this is indeed an isometric embedding at infinity.
3. Structures at infinity of hyperbolic groups 3.1. Boundaries and asymptotic cones of hyperbolic groups.
We remind the notion of a boundary of a hyperbolic space (see [GhH] ). Let p ∈ X be some fixed basepoint. Using the Gromov product (1.3.3) we say that a sequence of points (x i ) i≥1 ∈ X tends to infinity, if lim i,j→∞ (x i |x j ) p = ∞. Two sequences of points (x i ) i≥1 and (y i ) i≥1 tending to infinity are equivalent if lim i,j→∞ (x i |y j ) p = ∞. One may denote the boundary ∂X of a hyperbolic space as a set of equivalent classes of such sequences tending to infinity. Proof of Theorem 1.5.1. Second arrows in each case were proved in [GhH] therefore we need to prove only the first ones. If Γ is a finite group any its asymptotic cone is just one point. If Γ has an infinite cyclic subgroup of a finite index it is quasi-isometric to Z (see [GhH] ) and therefore any its asymptotic cone is isometric to R. This proves cases (i) and (ii). It was proved in [Dru] that any asymptotic cone of a non-elementary hyperbolic group is a homogeneous real tree with an order of ramification equal to 2 ℵ 0 . The idea of the proof is that different points of ∂Γ correspond to different directions in asymptotic cones of Γ (cf. Lemma 3.10 in [KapL] ). Since an asymptotic cone is a complete metric space it is isometric to the space A. This proves the case (iii) and completes the proof of the theorem.
3.2. Isometric embedding at infinity of A into a free group. Theorem 3.2.1. The space A can be isometrically embedded at infinity into a free group Γ with at least two generators.
Proof. We set the scaling factors λ i = i. Consider a Cayley graph corresponding to a subgroup generated by two arbitrary generators γ 1 , γ 2 of the group Γ, and let G be its part corresponding to nonnegative powers of γ 1 , γ 2 . Consider the standard coding of vertices of G with binary sequences of γ 1 -s and γ 2 -s taking the unity as the initial vertex. Setting γ 1 = 0 and γ 2 = 1 we correspond to every vertex of G a binary number in a unique way.
For every function f ∈ A and for every ε > 0 let us construct a function f ε in the following way: if f is constant on some interval of length ≥ ε we set f ε ≡ f on it; on the complement we set f ε ≡ 0. Fix some bijection F from the set of all binary sequences to [0, 1]. Our aim is to build a sequence of vertices {x i } ∈ G (which are actually elements of the group Γ) corresponding to an arbitrary function f ∈ A. Consider f
